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We compute the time-reversal odd effective action for the low-energy model of bilayer graphene in the pres-
ence of out-of-plane magnetic field. A generating functional for the effective action that captures the electro-
magnetic response to all orders in momentum and frequency is presented and evaluated to the third order in
space-time gradient O(∂3). In addition, we calculate the Hall viscosity and derive an explicit relationship with
the q2 coefficient of the Hall conductivity. It is reminiscent of the Hoyos-Son relation in the Galilean invariant
systems, which can be recovered in the limit of large filling factor N .
I. INTRODUCTION
The family of graphite multilayer is one of the most intrigu-
ing in the realm of modern condensed matter. The simplest
model in the group, graphene, has drawn enormous attention
from both theoretical and experimental communities1. Its lin-
ear dispersion at low energy makes it a low dimension exam-
ple of particle-hole symmetric ultra-relativistic fermion. Its
unconventional electronic property distinguishes itself from
other semiconductors made up of ordinary non-relativistic
quasi-particles. When placed in a magnetic field, it pos-
sesses the anomalous Hall conductivity 12
e2
h at the filling fac-
tor ν = 02, which deeply relates to the concept of parity
anomaly for a single Dirac cone defined in (2+1) dimensions3.
Even more fruitful physics emerges as one stacks two lay-
ers of graphene on top of each other. In the AB-stacked
configuration as shown in Fig.2, the low-energy projection
of the model forms another family without any relativistic
analogue: a particle-hole symmetric two-band semiconduc-
tor with parabolic dispersion4. It also serves as a model pos-
sessing a Fermi surface with a Berry phase of 2pi as well as a
candidate for the dual description of ν = 1 fractional quantum
Hall state in the context of fermion-vortex duality5.
As a background magnetic field is turned on, Landau lev-
els form (Fig.3) in bilayer graphene as well. The spectrum,
nevertheless, possesses two zero-energy bands6. This feature
reshapes our understanding of low energy physics in quantum
Hall systems7. In particular, in large magnetic field, the con-
ventional wisdom and machinery of lowest Landau level pro-
jection has to be modified since the low-energy sector contains
more than holomorphic wave functions in symmetric gauge
and the system can host exotic quantum phases in the low-
est Landau level8. The dielectric property and the low energy
excitations in the zero-energy bands under this circumstance
were investigated in Ref.9 and Ref.10.
This work concentrates on the time-reversal odd responses
of bilayer graphene to dynamical and inhomogeneous external
perturbations in unique in (2+1) dimensions, which is partially
addressed recently in an independent work Ref.11. Here we
adopt a different approach that systematically generates the
effective action as a functional of external gauge field Aµ to
all orders in momentum and frequency, using which we com-
pute the effective action as in gradient expansion to explore
the large scale dynamics. As a result, we will show for the
low-energy model for bilayer graphene in a background mag-
netic field, the Hall conductivity in an inhomogeneous and
dynamical electric field Ei(ω, q) at filling factor N is
σH(ω, q) ≈ N
2pi
(
1 + (q`)2
1− 3N2
4N
+
ω2
ω2c
2N2 − 1
2N2
)
, (1)
where ` and ωc are the magnetic length and cyclotron fre-
quency. We shall also establish a relationship between Hall
viscosity and the coefficient of (q`)2 term. In particular, with
a high energy Landau level cutoff Nc, the static ω = 0 result
reduces to
σH(q) = σH(0) + (q`)
2[`2ηH − ′′(B)−O(lnNc)]. (2)
It is reminiscent of the Hoyos-Son relation12 for Galilean in-
variant systems. An explicit formula is derived to compute
higher order corrections in N−1 and N−1c .
This paper is organized as follows. In Sec.II we review
the calculation of the one-loop effective action from a micro-
scopic model and introduce the low-energy two-band model
for bilayer graphene. The Feynman rules are specified and a
generating functional for polarization tensor is derived. The
time-reversal odd effective action is computed to cubic order
in space-time gradients. We then focus of the coefficient of
Hall conductivity at the order of (q`)2 and investigate its re-
lationship with the Hall viscosity. In Sec.III, we construct the
stress tensor and compute Hall viscosity and orbital magnetic
susceptibility for our model. This provides numerical support
for the observation established in Sec.II. Finally we revisit the
conductivity tensor using the Kubo formula in Sec.IV and de-
rive an exact algebraic relation that connects the Hall conduc-
tivity and Hall viscosity in the absence of space-time symme-
try. We then conclude the paper. Details of computation are
given in the appendix for comprehensiveness.
II. THE EFFECTIVE ACTION
A. Methodology
The information of electromagnetic response can be com-
pactly summarized in the effective action as a functional of
U(1) gauge potential. Starting with a microscopic model for
matter field ψ defined by the action S[ψ], one gauges the
charge symmetry by coupling the charge and current densi-
ties jµ = (ρ, ji) with the gauge field Aµ. The effective action
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2is defined as follows.
Seff [Aµ] = −i ln
∫
Dψ†Dψ eiS[ψ]+i
∫
jµA
µ
. (3)
If the external electric and magnetic fields E and B take con-
stant value, Eq. (3) can be computed and serves as an example
of Euler-Heisenberg effective action13. As far as the linear
response is concerned, Seff is usually expanded as a multino-
mial in Aµ. In the d-dimensional Fourier space, the effective
action under Gaussian approximation assumes the form
Seff [Aµ] =
∫
ddq
(2pi)d
[
j¯µAµ +Aµ(−q)Πµν(q)Aν(q)
]
, (4)
where j¯ denotes the average charge in the ground state. The
polarization tensor Πµν(q) encodes the response functions.
In (2+1) dimensions, gauge symmetry alone fixes the form
of effective LagrangianLeff . Organized in number of deriva-
tives, the Lagrangian reads
Leff =
k
4pi
AdA +

2
E2 − 1
2µ
B2
+ αE · (∇B) + βijEi∂tEj +O(∂4). (5)
Computing the functional determinant for a specific model
yields the parameters k, , µ, α, and β.
For a fermionic system, computing Eq. (3) amounts to eval-
uating the functional determinant of the fermion action. For-
mally one can decompose the microscopic Lagrangian for the
fermion ψ into the free part iψ†D−1ψ and the potential part
−v(x)ψ†ψ. Such decomposition is straightforward for a free
fermion system in an external potential. If a two-particle inter-
action is present, one can first introduce an auxiliary field by
the Hubbard-Stratonovich transformation to decompose the
two-particle term. This way the fermion part of the theory
can be integrated in the path integral, resulting in a functional
of v. Expanding the functional to the second order of v, it
reads
Seff = −itr ln[D−1 + iv]
=− itr ln[D−1] + tr[Dv]− i
2
tr[DvDv] +O(v3). (6)
This formula has an intuitive diagrammatic representation
shown in Fig.1. The inverse of action D corresponds to the
Feynman propagator of the free theory and the potential v is
the vertex. One can systematically compute Eq. (6) using the
standard perturbation methods in quantum field theories.
B. The model for bilayer graphene
Let us now apply the above machinery to the low energy
model of AB-stacked bilayer graphene6. We depict the lat-
tice structure in Fig.2. The minimal low energy model for
each valley in the Brillouin zone contains two copies of Dirac
fermions and a hopping amplitude 2m? bridging sites B and
A˜. In the low energy regime ω  m? , the four-band model
+ + + · · ·Se↵ =
FIG. 1. Diagrammatic expansion of the effective action Seff . Each
solid line represents a Feynman propagator D and each wavy line
corresponds to the insertion of external potential v. The first and the
third diagrams correspond to the trace tr[Dv], and the diagram in the
middle corresponds to the two-point trace − i
2
tr[DvDv].
A
A
A
AAA
A AA
B˜B˜
B˜ B˜
B˜B˜
B˜
B˜
B˜
FIG. 2. The schematic plot for the AB-stacked bilayer graphene. The
thick bonds represent the upper lattice, while the thin ones represents
the lower layer. The overlapped orange sites have labels A˜ = B. The
plot was generated using the python package pybinding (Ref.14.)
can be projected to the dominant two bands. The model for
valley K is
H = − 1
2m?
(
0 pi2
(pi†)2 0
)
, ψK =
(
φA
φB˜
)
(7)
where pi = pix − ipiy and pii = pi + Ai is the kinematic
momentum. ψK is the spinor storing the dominant two bands.
For this model, k and the dielectric constant were discovered
in Ref.9. The focus of this paper is to compute α and β.
We first derive the propagator D for model (7) in a mag-
netic field. Turning on a finite background magnetic field in
symmetric gauge (A¯x, A¯y) = B2 (−y, x), the spectrum of the
system consists of non-trivial Landau levels. It also introduces
the length scale of magnetic length ` = B−1/2. To solve the
spectrum, it is convenient to introduce the ladder operators
a =
i`√
2
pi (8a)
a† = − i`√
2
pi†, (8b)
which satisfies [a, a†] = 1. The Hilbert space of (r̂, p̂) op-
erators is then organized partly using the eigenstates of the
operator n̂ = a†a, {|n〉|n ∈ Z+}. The Hamiltonian (7) then
can be shown to have the eigenstates15
|0) =
(
0
|0〉
)
, |1) =
(
0
|1〉
)
(9a)
|n) = 1√
2
(
sgn(n)||n| − 2〉
||n|〉
)
, |n| ≥ 2, (9b)
3n = 0,1
n = 2
n = − 2
n = 3
n = − 3
⋮
⋮
n = N
n = N + 1
ε
ϵF
FIG. 3. The Landau level spectrum of Eq. (10) and the Landau level
indices associated with each band. The parabolas depict the disper-
sion in the absence of the background magnetic field. The red dashed
line represents the fermi energy F , separating occupied black bands
and empty grey ones.
associated with the spectrum
εn = sgn(n)ωc
√
|n|(|n| − 1) (10)
with the cyclotron frequency ωc = B/m?. The degeneracy
of each Landau level, as in 2DEG in symmetric gauge, is en-
coded the other set of ladder operators [b, b†] = 1 which gen-
erates the angular momentum ̂`z = 12 (r̂× p̂− p̂× rˆ)z . (See
Ref.16.) Note that in this system we no longer treat ̂`z as the
canonical angular momentum. The algebraic structure of the
second pair of commuting ladder operators still holds. Denot-
ing the Hilbert space with 1√
m!
(b†)m|0〉 = |m〉, the complete
basis is {|n)|m〉 ≡ |nm)}. Writing ξn = εn − µ, the inverse
of the kernel iD−1 = i∂t −
∑
n,n(εn − µ)|nm)(nm|
D(t, t′) =
∫
dΩ
2pi
e−iΩ(t−t
′)
∑
n,m
i|nm)(nm|
Ω− ξn + i sgn(ξn) . (11)
Next, we turn on the perturbation on top of A¯µ → A¯µ + Aµ,
leading to the variation of Hamiltonian H → H + v(t,x),
where the vertex v reads
v(t,x) =A0 − 1
2m?
{Π̂i, Ai}
− 1
2m?
[
0 (Ax − iAy)2
(Ax + iAy)
2 0
]
, (12)
with the momentum operators
Π̂x =
(
0 pi
pi† 0
)
, (13a)
Π̂y =
(
0 −ipi
ipi† 0
)
. (13b)
In order to perform gradient expansion, the Fourier transform
needs to be introduced properly since the coordinates x =
(x, y) are treated as operators on Hilbert space. Given a c-
valued vector k, we recognize that
eik·x = e−|k|
2
eia
†keiak¯eib
†k¯eibk, (14)
where the dimensionless complex momenta are k = √`
2
(kx−
iky) and k¯ = k∗. Each operator in v(t,x) is Fourier-expanded
as an integral of these exponential operators weighted by the
Fourier coefficients. For concrete instances, we Fourier trans-
form terms linear in external field.
A0 =
∫
d3k
(2pi)3
e−iωt−|k|
2
A˜0(k)e
ia†keiak¯eib
†k¯eibk, (15a)
−1
2m?
{Π̂x, Ax} =
∫
d3k
(2pi)3
ie−|k|
2−iωt
√
2m?`
A˜x(k)e
ib†k¯eibk{
(
0 a
−a† 0
)
, eia
†keiak¯}, (15b)
−1
2m?
{Π̂y, Ay} =
∫
d3k
(2pi)3
e−|k|
2−iωt
√
2m?`
A˜y(k)e
ib†k¯eibk{
(
0 a
a† 0
)
, eia
†keiak¯}. (15c)
One could notice that because of the ±i involved in the definitions of (a, a†), perturbation in x direction now resembles to σy
and vice versa. This twist will lead to an extra minus in the effective action. We have equipped the machinery for computing the
traces in Eq. (6). As far as the response functions are concerned, the second diagram in Fig.1 is the only non-trivial one. The
first diagram gives rise to the ground-state charge density, while the third one, the contact term or diamagnetic current, vanishes
exactly for this model. For vertices v in Eqs. (15a), (15b), (15c), the trace assumes the general form
− i
2
tr[DvDv] = − i
2
∫
dt dt′
dΩ dΩ′
(2pi)2
e−iΩ(t
′−t)e−iΩ
′(t−t′) ∑
n,m,n,m′
i(nm|v(t)|n′m′)i(n′m′|v(t′)|nm)
(Ω− ξn + i sgn(ξn))(Ω′ − ξn′ + i sgn(ξn′)) (16)
The denominator does not depend on the angular momenta m and m′. Thus the trace over {|m〉, |m′〉} space can be computed
4separately. To this end, we decompose the vertices (15a), (15b), and (15c) into
A0 =
∫
d3k
(2pi)3
A˜0(k)e
−iωte−|k|
2
γ0(k)eib
†k¯eibk, (17a)
−1
2m?
{Π̂x, Ax} =
∫
d3k
(2pi)3
A˜x(k)e
−iωte−|k|
2
γx(k)eib
†k¯eibk, (17b)
−1
2m?
{Π̂y, Ay} =
∫
d3k
(2pi)3
A˜y(k)e
−iωte−|k|
2
γy(k)eib
†k¯eibk. (17c)
This way we trace out 〈m|eib†k¯eibk|m′〉〈m′|eib†k¯′eibk′ |m〉, obtaining a delta function 2pi`2 e|k|
2
δ(2)(k+k′). The time and frequency
integrals for (t, t′) and (Ω,Ω′) can be performed with the help of δ function and residue calculus. The non-trivial summands
left incorporate only the virtual processes between filled and empty Landau levels (sgn(ξn)sgn(ξn′) < 0). Suppose the fermi
energy is pinned in between the N th and the (N + 1)th Landau levels as shown in Fig.3. We then have
− i
2
tr[DvDv] = − 1
2pi`2
∫
d3k
(2pi)3
e−|k|
2
A˜µ(−k)A˜ν(k)
∑
n>N,n′≤N
[
γµnn′(−k)γνn′n(k)
ξn′ − ξn + ω +
γµn′n(−k)γνnn′(k)
ξn′ − ξn − ω
]
(18)
with γµnn′ denoting the matrix element (n|γµ|n′). Eq. (18) is an exact result of the trace to all orders in frequency and wave
numbers. The matrix elements γµnn′(k) can be written as linear combinations of associated Laguerre polynomials L
α
n(|k|2). The
long-wavelength and low-frequency effective theory is derived upon expanding the Πµν(k) in small ω and |k|. By comparing
Eq. (18) and (3), the polarization tensor is identified as
Πµν(ω,k) = −e
−|k|2
pi`2
∑
n>N,n′≤N
[
γµnn′(−k)γνn′n(k)
ξn′ − ξn + ω +
γµn′n(−k)γνnn′(k)
ξn′ − ξn − ω
]
. (19)
C. Results
To avoid the ambiguity of the doubly degenerate bands, we
fill them simultaneously by taking N > 2 and compute Π0i
and Πij to the any specified limit or desired order in momen-
tum. For instance, with a homogeneous external electric field
of form E = Eωe−iωt, Π00 = Π0i = 0 and Πij can be com-
puted exactly to all orders in frequency:
Πij =
iω
2pi
4N3ω4c − 2Nω2ω2c
ω4 − 4N2ω2c (ω2 − ω2c )
. (20)
The denominator implies a resonance in transport at two dis-
tinct frequencies ω2/ω2c = 2(N
2 ∓√N4 −N2). In large N ,
one of them reduces to the cyclotron frequency ω2 = ω2c and
the other one diverges linearly in N , i.e. ω ∼ ωcN . The
former pole indicates the system respects Kohn’s theorem17
asymptotically in large filling factor. At large scale, the effec-
tive action is organized by powers of (`∂i) and ∂t/ωc. Eval-
uating the sum to order O(∂3), the parity-odd part of the La-
grangian is
L
(odd)
eff = −
N
4pi
AdA− 3N
2 − 1
4pi
`2
2
E · ∇B
− 2N
2 − 1
4piN
1
2ω2c
ijEi∂tEj . (21)
At the first glance, one may be concerned with the pre-
cise meaning of the level of Chern-Simons term. For non-
relativistic fermions, the level corresponds precisely to the
number of filled Landau level. The level here N is the index
of the largest filled Landau level. Owing to the filled nega-
tive energy bands, the number of filled Landau levels and thus
the interpretation of N could be ambiguous. It is resolved by
understanding the net contribution from the Fermi sea. By re-
doing the computation for N = −1, it is straightforward to
confirm negative energy bands contributes to 14piAdA. There-
fore, N + 1 is understood as the number of filled bands with
non-negative energies.
We refer the Hall conductivity σH to the coefficient of the
term 12 (Ax∂tAy−Ay∂tAx)18. To order (q`)2 and ω2, the Hall
conductivity is
σH
σH(0)
= 1 + (q`)2
(
N2 + 1
4N
−N
)
+
ω2
ω2c
2N2 − 1
2N2
(22)
with the DC value σH(0) = N/(2pi). To make more sense out
of this result, we can look at the static large N limit, in which
the hole band becomes insignificant and we should recover the
physics of non-relativistic 2DEG. Taking N → ∞, Eq. (22)
can be organized in the form
σH
N/(2pi)
= 1 + (q`)2
(
N2/(8pi`2)
N/(2pi`2)
−N
)
.
Formally, it produces the Hoyos-Son relation12,19 for 2DEG:
σH
σH(0)
= 1 + (q`)2
[
ηH
n
− 2pi
ν
`2
ωc
B2′′(B)
]
(23)
if we identify the number density as N/(2pi`2).
5Let us remind ourselves the Hoyos-Son result establishes a
relation between the Hall viscosity ηH(ω) at long wavelength,
orbital magnetic susceptibility − ∂2∂B2 (B) and the coefficient
of Hall conductivity at order (q`)2 based on the Galilean sym-
metry of the microscopic physics. In addition, the 2DEG re-
sult is physically understood as the ratio of ηH to charge den-
sity n. Starting from model Eq. (7), we would not expect
this relation to persist at finite N because it lacks the Galilean
symmetry and the charge density depends on the regulariza-
tion of the bottom of Fermi sea. Nonetheless, motivated by the
observation at large N , we would like to explore if a similar
or approximate relation exists without any particular space-
time symmetry. In particular, we wish to clarify the roles of
Hall viscosity and orbital magnetic susceptibility played in be-
tween.
III. HALL VISCOSITY AND ORBITAL MAGNETIC
SUSCEPTIBILITY OF BILAYER GRAPHENE
To proceed with the last observation, we wish to compute
the Hall viscosity ηH and orbital magnetic susceptibility of the
model Eq. (7). Within the framework of linear response, ηH
is given by the correlation function of stress tensors 〈τxxτxy〉,
which can be expressed using the Kubo formula as19,20
ηH(ω) =
1
pi`2
Im
∑
a,b
(τxx)ba(τxy)ab
ω2 − (ξa − ξb)2 , (24)
where a, b label bands above and below Fermi energy. Defin-
ing the stress tensor nevertheless requires some caution for the
following reason. The stress tensor can be defined as the re-
sponse of Hamiltonian with respect to the variation of metric
gij . On the other hand, there is no obvious covariant way of
coupling (7) to a general curved manifold. The way we cir-
cumvent this conceptual obstacle goes as follows. Instead of
the projected low-energy Hamiltonian (7), we revisit the orig-
inal model consisting of two Dirac spinors, where one can
consistently define the action over a curved manifold21, and
hence the stress tensor τij . We derive the stress tensor in this
manner and project the components again to the low-energy
bands22. The components of τij are found to be
τxx = − 1
m?
pi2xσx −
1
2m?
σy{pix, piy}, (25a)
τyy =
1
m?
pi2yσx −
1
2m?
σy{pix, piy}, (25b)
τxy = − 1
4m?
σy{pi†, pi}. (25c)
In Appendix B, we present another distinct way of deriving
the above results. A natural conjecture for the model on a
general curved manifold is postulated and τij is obtained by
varying the Hamiltonian with respect to the vielbein field. The
recent work Ref.11 derives the stress tensor by constructing
strain generators and computing their commutators with the
model Hamiltonian23. This approach does not evade from the
difficulty elaborated above. Taking the pseudospin degree of
freedom for instance, it is not transparent the pseudospin ma-
trices generate physical rotations and should be part of the
strain generators.
Plugging τxx and τxy into Eq. (24) yields the Hall viscosity
to all orders in frequency. Particularly in the static limit ω →
0, we have
ηH(ω = 0) =
1
8pi`2
(N2 + 1). (26)
Caution is required for computing orbital magnetic suscep-
tibility −′′(B), the negative of the second derivative of the
energy density as a function of background field. Suppose we
naively evaluate the energy density per Landau level (B).
(B) =
ωc
2pi`2
N∑
n=−∞
sgn(n)
√
|n|(|n| − 1). (27a)
After canceling summands from n = −N to n = N , the re-
maining sum is proportional to
∑∞
n=N+1
√
n(n− 1), which
is severely divergent. To extract a finite result, we regu-
larize the sum by introducing a natural cutoff Nc obeying
ωc
√
Nc(Nc − 1) = m?, which constrains the validity of the
low energy model. The regularized the sum now reads
(B) = − ωc
2pi`2
Nc∑
n=N+1
√
n(n− 1). (27b)
The sum can be evaluated approximately with the Euler-
Maclaurin formula. In a double expansion of large N and
small ωc/m?, the leading contribution is
−′′(B) ≈ −N
2
2pi
+
1
16pi
ln
Nωc
m?
. (28)
Since N is bounded from above by Nc ∼ m?/ωc, at large
N the logarithmic term is sub-leading. Consequently, both
Eq. (26) and Eq. (28) coincide with 2DEG results in the limit
N →∞24. In the rest of the article, we exploit these observa-
tions and establish a concrete algebraic identity.
IV. AN ALGEBRAIC RELATION FROM KUBO FORMULA
To better understand the relationship, we reexamine the
Hall conductivity from the more conventional perspective of
the Kubo formula. It is algebraically equivalent to the com-
putation of the two-point functions Πµν . Nonetheless, it can
make our speculation more transparent. The current operator
in the first quantized form is given by the symmetrized veloc-
ity operator
ji(r) =
1
2m?
∑
k
{Π̂ik, δ(r− rk)}, (29)
Applying the Kubo formula for Hall conductivity to the cur-
rent (29), we obtain
σH = Im
∑
a,b
{Π̂x, e−q`√2 pi†e q¯`√2pi}ba{Π̂y, e
q`√
2
pi†
e
−q¯`√
2
pi}ab
4m2?pi`
2e|q|2 [ω2 − (ξa − ξb)2]
(30)
6This formula can be quickly justified by looking at 1iωΠ
ij ,
which reduces to conductivity tensor in temporal gauge A0 =
0. The above formula can be straightforwardly expanded in
small q = (q`). To proceed, let us exploit rotational invari-
ance and take q = (0, q).
{Π̂x, e−q`√2 pi†e q¯`√2pi}
≈Π̂x(1 + (q`)2/4)− iqτxx
ωc
− q
2`4
4
{pi2x, Π̂x}
{Π̂y, e q`√2pi†e−q¯`√2 pi}
≈Π̂y(1 + (q`)2/4) + 2iqτxy
ωc
+
qσzτyy
ωc
− q
2`2
4
{pi2x, Π̂y}.
To organize the products, we first observe the current op-
erators map the n-th Landau level to (n ± 1)-th, whereas
the stress tensor operators only generate transitions between
n→ n, n± 2. Their products thus has no finite summand and
as a result, there is no term linear in q. Another non-trivial ob-
servation is at the level of matrix elements (τxx)ba(τxy)ab =
(τxx)ba(iσzτyy)ab even though τxy 6= (iσzτyy)ab in general.
Consequently, expanding the numerator of (30) to the second
order in (q`) yields the following identity:
σH(ω, q) ≈ σH(ω) + (q`)2
[
`2ηH(ω)
− Im
∑
a,b
(Π̂x)ba{pi2x, Π̂y}ab + {pi2x, Π̂x}ba(Π̂y)ab
4pim2?[ω
2 − (ξa − ξb)2]
]
, (31)
which unambiguously identifies the role of Hall viscosity as
part of the coefficient of (q`)2. The sum in the second line
of Eq. (31) is not expressed directly with a physical observ-
able at finite ω. In the static limit, it sums up to −N22pi =
−′′(B)− 116 ln NNc , and it reduces to Eq. (2) in the static limit
ω → 0. At finite frequency, despite its lack of lucid physi-
cal interpretation, Eq. (31) provides with a decomposition that
generates corrections to Hoyos-Son relation in powers of ω2
and N−1.
V. DISCUSSION AND CONCLUSION
The model Eq. (7) is often considered a hybridization of
Dirac and non-relativistic fermions, capturing the particle-
hole structure of the former and the massive parabolic disper-
sion of the latter. The results derived in the main text entail in
many manners that the features of non-relativistic fermion, or
the restoration of Galilean symmetry, manifest asymptotically
in the limit of large filling factor. Explicit examples are the
forms of Hall conductivity, Hall viscosity, orbital magnetic
susceptibility, poles of transport coefficients and the Hoyos-
Son relation, although, in term of hydrodynamic relation, it is
not yet clear in what sense the charge current and momentum
density approach each other in the same limit. Established
exact formulae can be utilized for interpolating between the
asymmetric model and the Galilean symmetric paradigm.
To move forward, this work permits various open direc-
tions. Separate works under progress include the real-time
effective theory at finite temperature using the Schwinger-
Keldysh formalism25, generalization of the linear response
theory to graphite multilayers as in Ref.26, and interaction
generated transport properties owing to either an instanta-
neous Coulomb interaction or a mixed-dimensional Maxwell
term27,28. Equally interesting are the inclusion of lattice ef-
fect into the generalized Hoyos-Son relation29 and clarifying
the distinction between dual descriptions of ν = 1 fractional
quantum Hall state5,30.
To conclude, we determined the time-reversal odd elec-
tromagnetic response for the low-energy model for bilayer
graphene to quadratic order in momentum and frequency and
established a conductivity-viscosity relationship in the ab-
sence of obvious space-time symmetry. We investigate the
limit in which the symmetry is restored and provided supports
from concrete computation. In addition to the conclusions in
the above, the effective action derived in the main text can be
further applied to exploring unknown faces of this model.
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Appendix A: Coherent state algebras
1. Computing traces involving b operators
In the two-point function, the trace over angular momentum
subspace can be performed separately since the denominator
of the propagator does not involves the angular momentum
quantum number. The quantity we wish to compute is∑
m,m′
〈m|eib†k¯eibk|m′〉〈m′|eib†k¯′eibk′ |m〉
=
∑
m
〈m|eib†k¯eibkeib†k¯′eibk′ |m〉
From here we replace the sum overm with an integral over all
coherent states.∫
dµ(q)〈q|eib†k¯eibkeib†k¯′eibk′ |q〉
=
∫
dµ(q) e−|q|
2〈0|eq¯beib†k¯eibkeib†k¯′eibk′eqb† |0〉. (A1)
Since [b, b†] = 1, we can use the identity eAeB = eBeAe[A,B]
and simplify the bracket to get
pie|k|
2
δ(2)(k + k′) =
2pi
`2
e|k|
2
δ(2)(k+ k′). (A2)
72. Matrix elements γµnn′(k)
Here we document the matrix elements for the vertices
used in the main text. The fundamental ingredient is
〈n|eia†keiak¯|n′〉. Let us evaluate
〈n|eia†keiak¯|n′〉 =
∑
s,s′
〈n (ia
†k)s
s!
(iak¯)s
′
s′!
|n′〉
=
n∑
s
n′∑
s′
(ik)s(ik¯)s
′
s!s′!(n− s)!δn−s,n′−s′
√
n!n′! (A3)
The sum can be expressed in terms of generalized Laguerre
polynomials Lmn (x). If n < n
′, we have to evaluate s′ at
s′ = s+ n′ − n,
〈n|eia†keiak¯|n′〉 = (ik¯)n′−n
√
n!
n′!
Ln
′−n
n (|k|2). (A4a)
On the other hand if n ≥ n′, we have to evaluate at s =
s′ + n− n′
〈n|eia†keiak¯|n′〉 = (ik)n−n′
√
n′!
n!
Ln−n
′
n′ (|k|2). (A4b)
Together with eigenstates (9a), and (9b), it is then straightfor-
ward to compute γµnn′(k) and γ
µ
n′n(k) = (γ
µ
nn′(−k))∗. In the
following, we present some results. For definitely we consider
the case n > 1 and n′ < n.
a. γ0nn′(k) For n
′ = 0 and 1,
γ0n0(k) =
1√
2(|n|!) (ik)
|n| (A5)
γ0n1(k) =
1√
2(n!)
(ik)n−1Ln−11 (|k|2) (A6)
For |n′| > 1,
γnn′ =

sgn(n′)
2 (ik)
n−|n′|
√
(|n′|−2)!
(n−2)! L
n−|n′|
|n′|−2 (|k|2) + 12 (ik)n−|n
′|
√
|n′|!
n! L
n−|n′|
|n′| (|k|2), n ≥ |n′|
1
2 (ik¯)
|n′|−n
√
n!
|n′|!L
|n′|−n
n (|k|2) + sgn(n
′)
2 (ik¯)
|n′|−n
√
(n−2)!
(|n′|−2)!L
|n′|−n
n−2 (|k|2), n < |n′|
. (A7)
b. γinn′(k) It is convenient to define
γ+(k) =
1
2
(σx + iσy){a, eia†keiak¯}, γ−(k) = (γ+(−k))†, (A8)
in terms of which,
γx(k) =
i√
2m?`
[γ+(k)− γ−(k)], (A9a)
γy(k) =
1√
2m?`
[γ+(k) + γ−(k)]. (A9b)
For n > 1,
γ+nn′(k) =

1
2 (ik)
n−|n′|−1
√
|n′|!
(n−2)!
[
L
n−|n′|−1
|n′| (|k|2) + Ln−|n
′|−1
|n′|−1 (|k|2)
]
, n ≥ |n′|+ 1
1
2 (ik¯)
|n′|−n+1
√
(n−2)!
|n′|!
[
(n− 1)L|n′|−n+1n−1 (|k|2) + |n′|L|n
′|−n+1
n−2 (|k|2)
]
, n < |n′|+ 1
. (A10)
γ+n′n(k) =

sgn(n′)
2 (ik)
|n′|−n−1
√
n!
(|n′|−2)!
[
L
|n′|−1−n
n (|k|2) + L|n
′|−n−1
n−1 (|k|2)
]
, |n′| ≥ n+ 1
sgn(n′)
2 (ik¯)
n−|n′|+1
√
(|n′|−2)!
n!
[
(|n′| − 1)Ln−|n′|+1|n′|−1 (|k|2) + nLn−|n
′|+1
|n′|−2 (|k|2)
]
, |n′| < n+ 1
. (A11)
Using these matrix elements, the generating functional (18) can be computed in a straightforward manner.
Appendix B: Another derivation of stress tensor
We derive here the stress tensor with a conjectured curved
space generalization of model (7)31. Let us consider a curved
space endowed with metric gij(x). A matrix field vielbein
eaj (x) can be introduced via the relation gij = δabe
a
i e
b
j , where
a, b = 1, 2 are local SO(2) rotation indices32. The inverse
field Eia fulfills E
i
ae
b
i = δ
b
a and g
ij = δabEiaE
j
b . With the
8vielbeins, the spatial gradient operator ∂a can be promoted to
curved manifold following ∂a → Eia∂i. Let us further de-
note Ei± = E
i
1 ± iEi2. The natural generalization of Hamilto-
nian (7) in the curved space reads
H =
1
2m?
∫
d2x [(Ei−piiψ
†)(Ej−pijχ) + h.c.], (B1)
where ψ and χ are the Grassmannian density of φA and φB˜
and h.c. refers to Hermitian conjugate. To derive the stress
tensor relevant for viscosity computation, we turn on a slightly
curved manifold with the metric gij = δij + δgij and as-
sume δgij to be homogeneous. Under this circumstance, τij
assumes the following form
τij =
1
2
[
eai
∂H
∂Eja
+ eaj
∂H
∂Eia
]
. (B2)
Applying this formula to (B1), we arrive at the identical re-
sults, Eqs. (25a), (25b), and (25c).
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